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We extend to larger classes of norms some inequalities concerning sums of
positive operators and sums of operators having orthogonal ranges. These
inequalities are useful in the theories of best approximation in C*-algebras and
generalized inverses.  1997 Academic Press
1. INTRODUCTION
In their work on best approximation in C*-algebras, Davidson and
Power [2, Lemma 3.3] proved that if A and B are positive operators on
a Hilbert space, then
&A+B&max(&A&, &B&)+&AB&12, (1)
where & }& denotes the usual operator norm.
In his recent work on operator approximation and generalized inverses,
Maher [7, Theorem 1.7(a) and (b)] observed that if A and B are operators
on a Hilbert space such that the ranges of A and B are orthogonal (written
as ran A = ran B), (or, if ran A* = ran B*), then
max(&A&, &B&)&A+B&. (2)
Moreover, if both ran A = ran B and ran A* = ran B*, then equality holds
in (2). It has also been shown in [7, Theorem 1.7(c) and (d)] that if
A+B # Cp (the Schatten p-class for some p with 0<p<) and if
ran A = ran B (or, if ran A* = ran B*), then A # Cp and B # Cp , and
&A&pp+&B& pp&A+B& pp . (3)
for 2p<, with equality in the case p=2. Moreover, if both
ran A = ran B and ran A* = ran B*, then equality holds in (3) for
0<p<. Here & }&p designates the Schatten p-norm (quasinorm) for
1p< (0<p<1).
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The main purpose of this paper is to improve the inequality (1) and to
extend the improved version of (1) and the inequalities (2) and (3) to larger
classes of norms. Formulating these inequalities in terms of direct sums,
enables us to link them in a pretty natural way. Our arguments are com-
pletely different from those used in [2, Lemma 3.3] and [7, Theorem 1.7].
Section 2 of this paper is devoted to inequalities for sums of positive
operators. In this section we employ a useful technique for 2_2 operator
matrices to extend an improved version of (1) to all unitarily invariant
norms including the usual operator norm and the Schatten p-norms. We
also use recent norm inequalities for partitioned operators to establish
general inequalities of this genre.
In Section 3 it will be evident that every inequality for sums of positive
operators gives rise to an inequality for sums of operators having
orthogonal ranges. In this spirit we present a set of inequalities involving
sums of operators having orthogonal ranges, that generalize and comple-
ment the inequalities (2) and (3). Among these inequalities, there is a dual
inequality of (3) for the case 0<p<2. This dual inequality can be utilized
to establish inequalities concerning generalized inverses analogous to those
given in [8].
Let B(H) denote the algebra of all bounded linear operators on a com-
plex separable Hilbert space H. If A is a compact operator in B(H), then
the singular values of A, by definition, are the eigenvalues of the positive
operator |A|=(A*A)12 enumerated as s1(A)s2(A) } } } . For 0<p<,
the Schatten p-class Cp is defined to be the set of all compact operators A
for which j=1 s
p
j (A)<. For A # Cp , define &A&p=(

j=1 s
p
j (A))
1p. It is
convenient to let C denote the class of compact operators with
&A&=s1(A) denoting the usual operator norm of A. It is known that for
0<p, Cp is a two-sided ideal in B(H) and that for 1p, the
Schatten p-norm & }&p makes Cp into a Banach space. For 0<p<1, instead
of the triangle inequality, which does not hold in this case, we have
&A+B&pp&A&
p
p+&B&
p
p for A, B # Cp with 0<p<1. It is also known that
for 0<p, A # Cp if and only if A*A # Cp2 and in this case
&A&2p=&A*A&p2 .
The usual operator norm and the Schatten p-norms are special examples
of unitarily invariant (or symmetric) norms. With the exception of the
usual operator norm, which is defined on all of B(H), each unitarily
invariant norm _ }_ is defined on a two-sided ideal C_ }_ that is included
in C . The ideal C_ }_ is called the norm ideal associated with _ }_ and it
is a Banach space under this norm. Each unitarily invariant norm _ }_
enjoys the invariance property _UAV_=_A_ for all A # C_ }_ and for all
unitary operators U, V # B(H). It is well-known that there is a one-to-one
correspondence between symmetric gauge functions defined on sequences
of real numbers and unitarily invariant norms defined on norm ideals of
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operators. More precisely, if _ }_ is a unitarily invariant norm, then there
is a unique symmetric gauge function 8 such that
_A_=8(s1(A), s2(A), ...)
for all A # C_ }_ . Consequently, _A_=_ |A|_=_A*_. For the general
theory of unitarily invariant norms, we refer to [3], [13], or [14].
In order to unify our results in the general context of unitarily invariant
norms, we need to regard the direct sum AB as the operator [ A0
0
B] in
B(HH). If _ }_ is a unitarily invariant norm associated with the sym-
metric gauge function 8, then we define
_AB_=8(s1(A), s1(B), s2(A), s2(B), ...)
for all A, B # C_ }_ . Thus,
&AB&=max(&A&, &B&),
&AB&p=(&A&pp+&B&
p
p)
1p for 1p<,
and in particular,
&AA&p=21p &A&p for 1p<.
Moreover, one needs to observe that _AB_=_[ 0B
A
0 ]_ . In fact, AB
and [ 0B
A
0 ] have the same singular values, namely, s1(A), s1(B), s2(A),
s2(B), ... . Since sj (A)=sj (A*) for all j=1, 2, ..., we also have _[ 0A*
A
0 ]_=
_AA_ . The idea of direct sum can be extended to n-tuples of operators
in an obvious way.
A unitarily invariant norm is called a Q-norm, denoted by & }&Q , if there
exists another unitarily invariant norm & }&Q such that &A&2Q=&A*A&Q .
Note that the norms & }& and & }&p , for 2p, are Q-norms. A unitarily
invariant norm is called a Q*-norm, denoted by & }&Q* , if it is the dual of
a Q-norm. The norms & }&p , for 1p2, are examples of Q*-norms. For
more examples of these norms, the reader is referred to [1].
It should be mentioned here that the inequalities which are true for all
Schatten p-norms can be often generalized to all unitarily invariant norms;
while those which are true only when 2p (1p2) can be often
generalized to all Q-norms (Q*-norms) (see [1] and references therein).
This phenomenon is also illustrated in this paper.
2. INEQUALITIES FOR SUMS OF POSITIVE OPERATORS
The following lemma (see [5, Lemma 1] and [10]) plays a central role
in our analysis.
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Lemma 1. Let X and Y be operators in B(H) such that XY is self-
adjoint. If YX belongs to the norm ideal associated with a unitarily invariant
norm _ }_, then XY belongs to this ideal and
_XY__Re(YX)_ , (4)
where Re(YX) is the real part of YX.
Now we are in a position to extend an improved version of (1) to all
unitarily invariant norms. Our analysis is based on a very simple but useful
2_2 operator matrix technique. For related techniques, we refer to [1,
Lemma 4] and references therein.
Theorem 1. Let A and B be positive operators belonging to the norm
ideal associated with a unitarily invariant norm _ }_ . If f and g are non-
negative functions on [0, ) which are continuous and satisfying the relation
f (t) g(t)=t for all t # [0, ), then
_(A+B)0_
_AB_+ 12_( f (A) g(B)+g(A) f (B)) ( f (A) g(B)+g(A) f (B))_ .
(5)
Proof. On HH, let X=[ f (A)0
f (B)
0 ] and Y=[
g(A)
g(B)
0
0]. Since
f (A) g(A)=A and f (B) g(B)=B, it follows that XY=[ A+B0
0
0] and
YX=[ Ag(B) f (A)
g(A) f (B)
B ]. Since XY is self-adjoint, it follows by Lemma 1
that _XY__Re(YX)_. This implies that
_(A+B)0_ }}}_ AC*
C
B&}}} ,
where C= 12 ( f (A) g(B)+g(A) f (B)). The triangle inequality now yields
_(A+B)0_ }}}_A0
0
B&}}}+ }}}_
0
C*
C
0&}}}
=_AB_+_CC_,
as required.
Observe that important special cases follow from (5) upon letting
f (t)=tr and g(t)=t1&r, where r is a real number with 0<r<1. In par-
ticular, if r= 12 , then we have the following corollary.
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Corollary 1. If A and B are positive operators belonging to the norm
ideal associated with a unitarily invariant norm _ }_, then
_(A+B)0__AB_+_A12B12 A12B12_. (6)
Now specializing (6) to the usual operator norm and the Schatten
p-norms, we have the following two corollaries. The first corollary is the
desired improvement of (1) and the second corollary is an improvement of
the Schatten p-norm version of (1).
Corollary 2. If A and B are positive operators in B(H), then
&A+B&max(&A&, &B&)+&A12B12&. (7)
Corollary 3. If A and B are positive operators in Cp for some p with
1p<, then
&A+B&p(&A& pp+&B&
p
p)
1p+21p &A12B12&p . (8)
When comparing between (1) and (7), one should bear in mind the
following inequality which is of independent interest.
Proposition 1. If A and B are positive operators belonging to the norm
ideal associated with a Q-norm & }&Q , then
&A12B12&Q&Re(AB)&12Q . (9)
Proof. Using Lemma 1, we have
&A12B12&2Q=&(A12B12)* (A12B12)&Q
=&B12AB12&Q
&Re(AB)&Q ,
which yields the inequality (9).
Note that for the usual operator norm, (9) asserts that if A and B are
positive operators in B(H), then
&A12B12&&Re(AB)&12, (10)
which explains why our inequality (7) can be considered as an improve-
ment of (1). It should be also mentioned here that (10) is closely related (in
fact, equivalent) to some Heinz type inequalities (see [5] and [10]).
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If, instead of the triangle inequality, we use norm inequalities for parti-
tioned operators (see [1, Theorems 1 and 2] and [4, Lemma 4]), then we
obtain the following related result.
Theorem 2. If A1 , ..., An are positive opertors in Cp for some p with
1p, then
n4p&2 :
n
i, j=1
&A12i A12j &2p" :
n
i=1
Ai"
2
p
 :
n
i, j=1
&A12i A12j &2p , (11)
for 2p; and
:
n
i, j=1
&A12i A
12
j &
2
p" :
n
i=1
Ai"
2
p
n4p&2 :
n
i, j=1
&A12i A
12
j &
2
p , (12)
for 1p2. Also we have
:
n
i, j=1
&A12i A
12
j &
p
p" :
n
i=1
Ai"
p
p
n p&2 :
n
i, j=1
&A12i A
12
j &
p
p , (13)
for 2p<; and
np&2 :
n
i, j=1
&A12i A
12
j &
p
p" :
n
i=1
Ai"
p
p
 :
n
i, j=1
&A12i A
12
j &
p
p , (14)
for 1p2.
To prove the inequalities (11)(14), one needs to apply Theorems 1 and
2 in [1] to the n_n operator matrix T=[A12i A
12
j ]. If S=[Sij] with
S11=ni=1 Ai and Sij=0 for (i, j){(1, 1), then &T&p=&S&p . To see this,
observe that T=X*X and S=XX*, where X is the n_n operator matrix
which has the entries A121 , ..., A
12
n on its first row and all its other entries
are zero.
In view of Proposition 3 in [1], some of the inequalities in Theorem 2
can be extended to more general norms.
Theorem 3. If A1 , ..., An are positive operators belonging to the norm
ideal associated with a Q-norm & }&Q , then
" :
n
i=1
Ai"
2
Q
 :
n
i, j=1
&A12i A12j &2Q . (15)
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Theorem 4. If A1 , ..., An are positive operators belonging to the norm
ideal associated with a Q*-norm & }&Q* , then
:
n
i, j=1
&A12i A12j &2Q*" :
n
i=1
Ai"
2
Q*
. (16)
Note that (15) is a genralization of the second inequality in (11); and
(16) is a generalization of the first inequality in (12).
Employing the concept of direct sum and appealing to Proposition 5 in
[1], one can still generalize, in a natural way, the first inequality in (13)
and the second inequality in (14) to Q-norms and Q*-norms, respectively.
We leave the details to the interested reader.
3. INEQUALITIES FOR SUMS OF OPERATORS HAVING
ORTHOGONAL RANGES
Our first result of this section is a consequence of the inequality (6).
Proposition 2. Let A and B be operators belonging to the norm ideal
associated with a Q-norm & }&Q . If ran A = ran B, then
&(A+B)0&2Q&AB&
2
Q+&AB*AB*&Q . (17)
Proof. Since A*B=0, it follows that (A+B)* (A+B)=(A*+B*)
(A+B)=A*A+B*B. Applying (6) to the positive operators A*A and
B*B, we have
&(A+B)0&2Q=&(A+B)* (A+B)0&Q
=&(A*A+B*B)0&Q
&A*AB*B&Q +&|A| |B|  |A| |B|&Q
=&AB&2Q+&AB*AB*&Q .
To see that &|A| |B|  |A| |B|&Q =&AB*AB*&Q , one needs to verify that
sj ( |A| |B| )=sj (AB*) for all j=1, 2, ... (see [6, Lemma 6]). For noncom-
pact operators, it is also easy to verify that &|A| |B|&=&AB*&. The proof
of the proposition is now complete.
It has been demonstrated in the proof of Proposition 2 how inequalities
for sums of operators having orthogonal ranges can be derived from
inequalities for sums of positive operators. In the same mould we can use
the following inequalities (see [1, Lemma 4] and [14, p. 20]) to establish
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more inequalities for sums of operators having orthogonal ranges. Related
results can be obtained based on the inequalities (11)(16).
Lemma 2. If B1 , ..., Bn are positive operators belonging to the norm ideal
associated with a unitarily invariant norm _ }_, then
1
n }}}\ :
n
i=1
Bi+ } } } \ :
n
i=1
Bi+}}}_B1 } } } Bn _
 }}}\ :
n
i=1
Bi+0 } } } 0 }}} , (18)
where each of the direct sums involves n summands.
Note that for the Schatten p-norms, Lemma 2 asserts that if B1 , ..., Bn
are positive operators in Cp for some p with 1p<, then
n1&p " :
n
i=1
Bi"
p
p
 :
n
i=1
&Bi& pp" :
n
i=1
Bi"
p
p
. (19)
Since the function f (t)=t p is increasing and concave on [0, ) for
0<p1, it follows from Lemma 2, using standard majorization techniques
(see [9, p. 116]) that if B1 , ..., Bn are positive operators in Cp for some p
with 0<p1, then
" :
n
i=1
Bi"
p
p
 :
n
i=1
&Bi & ppn1&p " :
n
i=1
Bi"
p
p
. (20)
Utilizing the inequalities (18)(20), enables us to present a set of
inequalities generalizing and complementing the inequalities (2) and (3) in
a unified manner. This set of inequalities also includes a dual inequality of
(3) that is valid for all p with 0<p<2.
Theorem 5. Let A1 , ..., An be operators belonging to the norm ideal
associated with a Q-norm & }&Q such that ran Ai = ran Aj for i{ j. Then
1
- n "\ :
n
i=1
Ai+ } } } \ :
n
i=1
Ai+"Q&A1 } } } An &Q
"\ :
n
i=1
Ai+0 } } } 0"Q . (21)
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Proof. Since Ai*Aj=0 for i{ j, it follows that (ni=1 Ai)* (
n
i=1 Ai)=
(ni=1 Ai*)(
n
i=1 Ai)=
n
i=1 Ai*Ai . Thus, we have
"\ :
n
i=1
Ai+ } } } \ :
n
i=1
Ai+"
2
Q
="\ :
n
i=1
Ai+* \ :
n
i=1
Ai+ } } } \ :
n
i=1
Ai+* \ :
n
i=1
Ai+"Q
="\ :
n
i=1
Ai*Ai+ } } } \ :
n
i=1
Ai*Ai+"Q .
Now the inequalities (21) follow by applying Lemma 2 to the positive
operators Bi=Ai*Ai for i=1, ..., n.
For the usual operator norm and the Schatten p-norms, we have the
promised generalization and completion of the inequalities (2) and (3).
Corollary 4. If A1 , ..., An are operators in B(H) such that
ran Ai = ran Aj for i{ j, then
1
- n " :
n
i=1
Ai" max1in &Ai &" :
n
i=1
Ai" . (22)
Corollary 5. Let A1 , ..., An be operators in Cp for some p with
0<p<. If ran Ai = ran Aj for i{ j, then
n1&p2 " :
n
i=1
Ai"
p
p
 :
n
i=1
&Ai& pp" :
n
i=1
Ai"
p
p
, (23)
for 2p<; and
" :
n
i=1
Ai"
p
p
 :
n
i=1
&Ai& ppn
1&p2 " :
n
i=1
Ai"
p
p
, (24)
for 0<p2.
Observe that while the inequalities (22) and (23) are included in (21),
the inequalities (24) can be obtained from (20) by applying an argument
similar to that used in the proof of Theorem 5.
Combining the inequality (17) and the second inequality in (21) (the
case n=2), we obtain the following corollary.
Corollary 6. Let A and B be operators belonging to the norm ideal
associated with a Q-norm & }&Q . If ran A = ran B, then
&AB&2Q&(A+B)0&
2
Q&AB&
2
Q+&AB*AB*&Q . (25)
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The inequalities (25) admit the following two special cases including (2)
and (3).
Corollary 7. If A and B are operators in B(H) such that
ran A = ran B, then
max(&A&2, &B&2)&A+B&2max(&A&2, &B&2)+&AB*&. (26)
Corollary 8. Let A and B be operators in Cp for some p with
2p<. If ran A = ran B, then
(&A&pp+&B&pp)2p&A+B&2p(&A&pp+&B& pp)2p+22p &AB*&p2 . (27)
As mentioned in Section 1, it has been shown in [7, Theorem 1.7(b) and
(d)] that if both ran A = ran B and ran A* = ran B*, then equality holds
in (2) and (3).
More generally, if A1 , ..., An are operators in B(H) such that
ran Ai = ran Aj and ran Ai* = ran Aj* for i{ j, then
" :
n
i=1
Ai"= max1in &Ai &.
If, further, A1 , ..., An are compact, then (ni=1 Ai)0 } } } 0 and
A1 } } } An have the same singular values, and consequently,
" :
n
i=1
Ai"
p
p
= :
n
i=1
&Ai& pp for 0<p<,
and
}}}\ :
n
i=1
Ai+0 } } } 0 }}}=_A1 } } } An_
for every unitarily invariant norm. To see this, let X be the n_n operator
matrix which has the entries A1 , ..., An on its first row and all its other entries
are zero. Since Ai*Aj=0 and AiAj*=0 for i{ j, it follows that X*X=
(ni=1 Ai)* (
n
i=1 Ai)0 } } } 0 and XX*=A1 A1* } } } AnAn*. The
desired conclusions now follow from the fact that X*X and XX* have the
same usual operator norm and the same singular values.
Our last theorem is another generalization of (2). This result is also valid
for & }&p with 0<p<1.
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Theorem 6. Let A1 , ..., An be operators belonging to the norm ideal
associated with a unitarily invariant norm _ }_ such that ran Ai = ran Aj for
i{ j. If f is a continuous increasing function on [0, ) with f (0)=0, then
max
1in
_ f ( |Ai | )_ }}} f \} :
n
i=1
Ai }+}}} . (28)
Proof. Since Ai*Aj=0 for i{ j, it follows that |ni=1 Ai |
2=ni=1 |Ai |
2.
Consequently, |Ai | 2|ni=1 Ai |
2 for all i=1, ..., n, and so &Ai&
&ni=1 Ai& for all i=1, ..., n. Now by elementary functional calculus, we
have
& f ( |Ai | )&= f (&Ai&) f \" :
n
i=1
Ai"+=" f \} :
n
i=1
Ai }+"
for all i=1, ..., n. This proves (28) for the usual operator norm.
To prove (28) for all other unitarily invariant norms, we need to apply
the minimax principle for singular values, which guarantees that for all
j=1, 2, ..., and for all i=1, ..., n, sj (Ai)sj (ni=1 Ai) (see e.g., [3,
p. 26]). Now
sj ( f ( |Ai | ))= f (sj (Ai))
 f \sj \ :
n
i=1
Ai++=sj \f \} :
n
i=1
Ai }++ for all j=1, 2, ...
and for all i=1, ..., n. The proof of (28) is now complete in view of the fact
that _ }_ is increasing with respect to the singular values (see e.g., [3,
p. 71]).
We would like to mention that one usually encounters operators having
orthogonal ranges when minimizing &AX&C& and &AX&C&p in terms of
generalized inverses (see [7], [8], [9, p. 269] and [11]). Thus, our
inequalities in this section should be useful in obtaining new approximation
results for generalized inverses. In particular, the second inequality in (24)
can be used to establish a dual inequality, for the case 0<p<2, of the first
inequality in (3) in the proof of Theorem 2.2 in [7].
A crucial lemma in [8, Lemma 3.1] states that
(a) If |X | 2|Y | 2, then &X&&Y&;
(b) If, further, X is compact, then |X ||Y | ,
(c) If, further, X # Cp , where 1p<, then Y # Cp and &X&p&Y&p .
Invoking the operator monotonicity of the square root function (see e.g.,
[12, p. 41]), we remark that the conclusion (b) above is true without the
assumption that X is compact. Moreover, if X is compact and |X ||Y |,
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then Y is compact and sj (X)sj (Y) for all j=1, 2, ... . Consequently, one
can infer that conclusions similar to that of (c) above are also valid for Cp
with 0<p<1 and for all norm ideals associated with unitarily invariant
norms.
Based on our observations on Lemma 3.1 in [8], one can easily see that
all of the inequalities concerning generalized inverses in [8] are also valid
for & }&p with 0<p<1 and for all unitarily invariant norms. Recall that
every unitarily invariant norm is increasing with respect to the singular
values.
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